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Abstract
In this letter, we provide a detailed numerical examination of the dynamics of a charged Thomas
oscillator in an externalmagneticfield.We do so by adopting and thenmodifying the cyclically
symmetric Thomas oscillator to study the dynamics of a charged particle in an externalmagneticfield.
These dynamical behaviours forweak and strong field strength parameters fall under two categories;
conservative and dissipative. The system shows a complex quasi-periodic attractor whose topology
depends on initial conditions for highfield strengths in the conservative regime. There is a transition
from adiabaticmotion to chaos on decreasing the field strength parameter. In the dissipative regime,
the system is chaotic for weakfield strength andweak damping but shows a limit cycle for highfield
strengths. Such behaviour is due to an additional negative feedback loop that comes into action at high
field strengths and forces the systemdynamics to be stable in periodic oscillations. Forweak damping
andweakfield strength, the systemdynamicsmimic Brownianmotion via chaotic walks.We claim
that themodifiedThomas oscillator is a prototypicalmodel to understand the dynamics of an active
particle.

1. Introduction

Thomas system is an interesting chaotic systemwith cyclic symmetry in its state variables and a single parameter
that stands for frictional damping. Physically themodel represents a point particle in a force field under the
action of some source of energy. The importance of the system is that one can understand the origin of
deterministic chaos in terms of feedback circuits[1, 2]. The cyclically symmetric Thomas system is given by
equation (1)
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where b is the damping parameter. The route to chaos and symbolic dynamics are discussed in[3].
Whenever a variable influences its own rate of increase or decay directly or via other system variables, there

exists a feedback circuit. The feedback circuits can be readily read off from the Jacobianmatrix of the system. In
general, a non-zero entry aij implies that the variable xj exerts an influence on variable xi. This influence can be
negative or positive depending on the sign of the entry and one can talk about positive or negative feedback
circuits. If the non-zero entries of the Jacobian are such that their row(i) and column(j) indices form cyclic
permutations of each other they are said to form a feedback circuit. The feedback circuit can be positive or
negative depending on the parity of the number of negative interactions involved in the loop. Positive circuits
have even negative interactions, whereas negative feedback circuits have odd numbers of negative interactions.
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In contrast with the linear system,where the entries are constant, for a non-linear system, at least one term in the
Jacobianwill be a function of one ormore variables and therefore the nature of feedback loops depends on
location in phase space. It has been proved that a positive feedback circuit is essential for generatingmulti-
stationarity and at least one negative circuit of two ormore elements is required for stable periodic oscillations
[2, 4, 5]. There can bemore than one feedback circuit in the system, and the operation of one circuit can be
hampered by the presence of other circuits in the systemwhen one ormore parameters of the system are
changed[1].

The Jacobian for Thomas system is given by
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where, g is the Thomas system given in equation (1).We see that each variable influences its own evolution,
decreasing its own rate, and there is a three-element feedback circuit(a12→ a23→ a31). This single three-
element feedback circuit (positive or negative) is sufficient to produce chaos(aminimal requirement) in this
systemdepending on its location in phase space[2]. The b= 0 case, the conservative limit, is an example of three-
dimensional fractional Brownianmotion in a purely deterministic system and it is the only example of this sort
where fractional Brownianmotion is connected to non-linear feedback circuits[3, 6]. The properties, as
mentioned earlier, of the systemmake it suitable for applications in chemistry as representative autocatalytic
reactions[7], ecology[8], and in evolution[9]. Spatio-temporal patterns are observed formany such oscillators
with a non-linear coupling scheme in[10]while with a linear coupling and non-identical oscillators in [6].

Exceptional propertiesmaterialise when a charged particle interacts with an externalmagnetic field. The use
of an externalmagnetic field enables us to constrain and order the particle’smotion.Whether it is a study related
to astrophysical plasma or the Brownianmotion of charged particles in a fluid in the laboratory, themost
straightforward situationwill be to understand a single particle dynamics in a given external field. This will allow
us to understandmany such particles’motion in cohesive groups. This paper considers a study on the dynamics
of a charged Thomas oscillator in an externalmagnetic fieldwith the assumption that the state variables are
components of velocities.With themagnetic field switched on, we have onemore control parameter to control
the dynamics and chaos in the system.We study the dynamics by considering two cases, conservative(b= 0) and
dissipative(b≠ 0), for weak and strongfield strength parameters. Unidirectional and isotropic constant
magnetic fields have been used in this computational study.

The paper is organized in the followingway. In (2), we discuss themodelling of a charged Thomas oscillator.
Section (3) comprises an elaborate discussion on the dynamics of the oscillator for zero dampingwith
unidirectional and isotropicmagnetic fields. In (4),We consider non-zero damping and study the dynamics for
both unidirectional and isotropicmagnetic fields. Section (5) is for our various results and discussion.

2.Modelling and dimensional analysis for a chargedThomas oscillator in an external
magneticfield

Consider themotion of a charged particle in a fluid explicated by equations ofmotion given below, assuming a
constantmagnetic field along the z-direction[ =B B ka 0

ˆ]. Here,m is themass of the particle, γ, the damping
coefficient, F, is the strength of the interaction force field and the viʼs, where i= x, y, z, are the components of
velocities. The components of velocities are coupledwith a cyclic symmetry.
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whereB0 is themagnitude of the appliedmagnetic field along the z-direction. The upper sign is for the positive
charge and the lower sign is for a negative charge. Define dimensionless velocities and time as
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where, vc is the characteristic speed and τ is the characteristic time such that the characteristic length scale can be
defined to be l= vcτ. Putting equation (6) in equation (3), onewill get the following.
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The dimensionless parameters are defined to be = gtb
m
(the damping parameter), = t
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parameter) and set =t 1F

mvc
. Following the similar procedure for equations (4)–(5) onewill end upwith a

modifiedThomas oscillatorwhich is charged and placed in an externalmagnetic field along the z-direction.
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For the Isotropicmagnetic field[ = + +B B i j ka 0(ˆ ˆ ˆ)]wehave
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In a compact form, one canwrite,

= +f x b c g x b h x c; , ; ; 10( ) ( ) ( ) ( )

where x stands for the dimensionless velocities and b& c are dimensionless parameters as defined above. g(x;b) is
the Thomas system andh(x;c) is the Lorentz force term in the dimensionless form.

For a positive charge, the Jacobianmatrix corresponding to equations (8) and (9) are respectively
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3.Dynamics for zero damping (b= 0)

3.1. Unidirectionalmagneticfield
This section considers the effect of a unidirectionalmagnetic field on a charged Thomas oscillator under zero
damping. The appliedmagnetic field direction is chosen to be along the z-direction, =B B ka 0

ˆ. The dynamical
equations, in this case, will be given by setting b= 0 in equation (8). Theflow, generated by this systemof
coupled equations, is conservative since the divergence offlow is zero,∇ · f= 0. Further, the sumof the
Lyapunov exponents, in this case, is zero supporting this fact.With b= 0we have only one control parameter
here, thefield strength parameter c, by tuningwhich one can explore the complex dynamics of the system. From
figure 1(a), it is observed that the systembehaviour is chaotic for c< 2, and the largest Lyapunov exponent(blue)
is positive in this range. After that, all the exponents are zero, pointing towards complex quasi-periodic
oscillations(c> 2) close to regular dynamics figure 1(b). The system’s phase space for c= 5 is given infigure 2.

Since the system is conservative, themechanism leading towards chaos is different fromdissipative systems.
In conservative systems, the phase volumemust be conserved, leading towards energy conservation, so the
trajectory should fold back into the phase space. An important related phenomenon is the phase-locking onto
non-linear resonance. In this phenomenon, if the ratio of two frequencies associatedwith the dynamics
approaches an integer or otherwise a rational fraction non-linearities cause phase locking of nearby trajectories
onto this resonance[11].

According to classical electromagnetic theory, a particle, with charge q,massm and velocity v, in an external
magnetic field, experiences Lorentz force which acts perpendicular to both the externalmagnetic field vector
and the particle’s velocity vector. In a strong uniformmagnetic field ¢B , themotion of the charged particle is
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Figure 1. (a) Lyapunov spectrum(Largest Lyapunov exponent(blue)) (b)Time series showing linearly diverging trajectories for two
nearby initial conditions showing complex quasi-periodic oscillations for c = 5.

Figure 2.Phase space plots for a charged Thomas oscillator under a unidirectionalmagneticfieldwith c = 5 (a)X-Z phase plot (b)X-Y
phase plot (c)The complex quasi-periodic attractor.
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such that they gyrate around the direction of the externalmagnetic field. The frequency of the gyratedmotion
will be given by

w
p

=
¢
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m

r2
13c

c ( )

and is also known as the cyclotron frequency, where rc is the cyclotron radius and  is the period of cyclotron
motion. The frequency of gyration depends on the strength of themagnetic field ¢B , charge andmass of the
particle. In the absence of other external forces, in a homogeneousmagneticfield, themotion of the charged
particle will be a combination of gyration as well as uniform rectilinearmotion, whichwill result in a helical
trajectorywith a given frequency along the field lines. The radius of gyrationwill be smaller wherever the field
strength is amaximumand larger wherever thefield strength is aminimum[12].

Amoving lumpof charge is like a currentflow that can generate amagnetic field around it.We call this an
inducedmagnetic fieldBi. The strength of the inducedmagnetic field is decided by the initial velocities,
acceleration of the charge, amount of charge, and the strength of the externalmagnetic field. So for a fixed charge
andmass, the only way one can control the inducedmagnetic field is by choice of initial conditions and by
varying the externalfield. Due to the superposition of the twomagnetic fields, the resultantmagnetic field
B= Ba+ Bi is inhomogeneous as shown infigure 10. There is a coaxial double-helicalmotion, with the inner
helix diverging out into the outer helix and vice-versa. The convergence and divergence happen at opposite poles
due to driftmotion, and they can switch polarity depending on the nature of the charge and/or the direction of
themagneticfield. Also, because this driftmotion is accelerated, radiations will be emitted at both ends of these
helixes. One can say the particle is trapped in an externalmagnetic field.

Whenever the particlemoves through an inhomogeneousmagnetic field, a forcewill act at the right angle to
thefield, giving the particle a direction ofmotion perpendicular to both the force and themagnetic field. The
resultant inhomogeneousmagnetic field can be parallel or perpendicular to the direction of the applied
magnetic field. Perpendicular inhomogeneitymeans there are compressions and rarefactions offield lines. The
variations in thefield parallel to the appliedfield direction lead to curved field lines. The former leads to gradient
drift and the latter to centrifugal drift. AssumeR is the radius of curvature of themagnetic field lines, then the
magnitudes and directions of these two drifts are given by
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Theminus sign here indicates that the particle’smotionwill be opposite for positive and negative charges. One
can distinguish between the driftmotion and cyclotronmotion in the presence of a strong appliedmagnetic
field. In the presence of a strongmagnetic field, the distortion of cyclotron orbits due to inhomogeneities or
other forces will be small. The changes in period and the radius of gyration are then small compared to the
characteristic time scale and length scales that characterize all other relevant quantities that characterize these
orbits. Themotion that satisfies all these conditions is called adiabaticmotion ie, w

t
r l,c c

1  .

When the particle’smotion satisfies the adiabatic conditions, one can treat it as a combination of three
mutually exclusivemotions: the rectilinearmotion along the field, the gyratedmotion around the field, and the
driftmotion in a direction perpendicular to the field. Suppose the condition for adiabaticmotion is not satisfied
then therewill be confusion among the latter twomotions leading to complex dynamics and chaos. In this case,
for the dynamics of the charged Thomas oscillator, the adiabatic conditions are not satisfied in the limit of the
weak appliedmagnetic field. Aswe decrease themagnetic field strength parameter, the system falls onto non-
linear resonance and from there to chaos. In this system, when the strength of the field strength parameter is
decreased, the strength of the non-linear resonance will increase, and theywill overlap. As a result, it will never
follow a smooth regular path in the phase space butwander chaotically. The smooth curves on the invariant-tori
break because of the competition between these non-linear resonances. Overlap of non-linear resonance leads to
the onset of chaos. On decreasing the field strength chaos appears in the neighbourhood of non-linear
resonance.

Projections of the chaotic attractors for different values of c are given infigure 3. The corresponding
bifurcation of the systemwith thefield strength parameter is shown via the Poincaré sections. Aswe see from
figure 4(a), for theweakmagnetic field strength parameter, we have a chaotic sea.We can seemixing for
intermediate values of the parameter, and for higher values, the trajectories are nearing regular trajectories.
Fromfigures 4(b), (c), one can observe quasi-periodic orbits surrounded by aKAMsurface. From the Lyapunov
spectra infigure 1, the Lyapunov exponents are zero for higher values of the parameter characterising complex
quasi-periodic oscillations, very near to regularmotion. The resonance overlap criteriamake use of the fact that
when distinct resonances overlap, noKAM tori can exist between them. The strength of the external field at
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which this occursmarks the commencement of chaos. The power spectrumof the system for the same
parameter values is also given infigure 5. Awide frequency distribution portrays the chaotic nature of the
system,whereas, for regular systems, the power spectrum consists of single lines at harmonics and sub-
harmonics.

Figure 3.The figure shows the projections of attractors on to y − zplane formagnetic field strength parameter (a) c = 0.3(Chaotic
Motion) (b) c = 1.2(ChaoticMotion) (c) c = 1.3(ChaoticMotion) (d) c = 3.5 (ComplexQuasi-periodicMotion)respectively for
constant unidirectional externalmagnetic field .

Figure 4.The figure shows the bifurcation taking place in the system via Poincaré—sections formagneticfield strength parameter (a)
c = 0.3(ChaoticMotion) (b) c = 1.2(ChaoticMotion) (c) c = 1.3(ChaoticMotion) (d) c = 3.5(ComplexQuasi-periodicMotion)
respectively for constant unidirectional externalmagneticfield .
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3.2. Isotropicmagneticfield
The dynamics for an isotropic externalmagnetic field are given by setting b= 0 in equation (9). This case also
shows conservative dynamics. At higher values of the field strength parameter, the system reaches the complex
quasi-periodic attractormuch earlier than that in the previous case, c> 0.97, belowwhich it is chaotic.Most
importantly, the attractor gets alignedwith the resultantfield direction. The Lyapunov spectrum is given below
infigure 6.

The projections of attractors are shown infigure 7 and the bifurcation diagram via Poincaré sections is in
figure 8. The corresponding power spectrum is given infigure 9.

3.3. The effect of the feedback circuit & Lorentz forcing in the conservative case
Because the shape of the attractor is not sensitive to the exact nature of non-linearities, one can use a Taylor series
expansion towrite down an approximate version of equation (8) for the conservative case. This equationworks
very similarly to the original equation.
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Each of the entries of type 1− 3x2 is positive for <x 1

3
∣ ∣ and negative for >x 1

3
∣ ∣ . There are two feedback

circuits, a three-element feedback circuit formed by the product ofmatrix entries a12= 1− 3Y2+ c,
a23= 1− 3Z2, a31= 1− 3X2 and a two-element negative feedback circuit formed by the product ofmatrix
entries a12= 1− 3Y2+ c, a21=− c. As far as the three-element feedback circuit is concerned, it can be positive
or negative depending on the values of state variables, i.e., the location in phase space. It can generate chaotic
behaviour for a suitable choice of parameter c. At c= 0, the systemhas infinitelymany unstable steady states, and
the trajectories wander around the phase space. In the limit t⟶∞ , the trajectories fill the entire phase space
via chaotic walks known as Labyrinth chaos. It is confirmed by the only positive Lyapunov exponent(λ1≈ 0.091)

Figure 5.The figure shows the power spectra formagneticfield strength parameter (a) c = 0.3(ChaoticMotion) (b) c = 1.2(Chaotic
Motion) (c) c = 1.3(ChaoticMotion) (d) c = 3.5(ComplexQuasi-periodicMotion) respectively for constant unidirectional external
magnetic field .
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at c= 0. Aswe increase the value of c(increase Lorentz forcing) smoothly from zero, the size of the attractor
steadily decreases. Finally, around c≈ 2, the trajectories start tomove back and forth between two steady states
located at the origin (0, 0, 0) and (0, 0,π). One can consider this as an equilibriumwhich becomesmuchmore

Figure 6. (a) Lyapunov spectrum (Largest Lyapunov exponent(blue))(b)Time series showing linearly diverging trajectories for two
nearby initial conditions showing complex quasi-periodic oscillations for c = 5.

Figure 7.The figure shows the projections of attractors on to y − zplane formagnetic field strength parameter (a) c = 0.3(Chaotic
Motion) (b) c = 0.7(ChaoticMotion) (c) c = 0.9(ComplexQuasi-periodicMotion) (d) c = 1.5(ComplexQuasi-periodicMotion)
respectively for constant isotropic externalmagneticfield.
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pronounced at very highfield strength. Eigenvalue calculation shows that the former is a saddle focus of the type
(+ /−− ), and the latter is of type (− /++).More specifically, (+ /−− )means that there is a positive real
root and a pair of complex roots whose real values are negative. On the other hand, (− /++)means there is a
negative real root and a pair of complex roots with negative real parts. Therefore, the dynamical behaviour near
the steady state (0, 0, 0) is such that it is periodically attractive in theXY-plane but (0, 0,π) is periodically
repulsive. The two-element feedback circuit in the vicinity of these steady states behaves in the followingway. A
trajectory thatmoves near the steady state (0, 0, 0)will spiral inward in theXY-plane but repelled along the z-

Figure 8.The figure shows the bifurcation taking place in the system via Poincaré—sections formagneticfield strength parameter (a)
c = 0.3(ChaoticMotion) (b) c = 0.7(ChaoticMotion) (c) c = 0.9(ComplexQuasi-periodicMotion) (d) c = 1.5(ComplexQuasi-
periodicMotion) respectively for constant isotropic externalmagnetic field.

Figure 9.The figure shows the power spectra formagneticfield strength parameter (a) c = 0.3(ChaoticMotion) (b) c = 0.7(Chaotic
Motion) (c) c = 0.9(ComplexQuasi-periodicMotion) (d) c = 1.5(ComplexQuasi-periodicMotion) respectively for constant
isotropic externalmagneticfield.
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direction due to its inherent nature. On the other hand, the trajectories nearing (0, 0,π)will spiral outfirst and
then repelled along the z-direction, and the cumulative result is a quasi-periodic trajectory. The unstable
periodicity in theXY-plane is related to the linear nature of the Jacobianmatrix at high values of c. The
eigenvalues evaluated in the vicinity of these steady states did not show any change of sign in the real part of the
complex eigenvalues, and the non-linear effects subsided entirely. This leads only to spiralling-in/spiralling-out
without settling into a closed orbit and hence a quasi-periodic trajectory.

The role of negative feedback can be comparedwith a thermostat. A thermostatmaintains the temperature
of the systemnear a desiredfixed value. By self-regulating, the systemmaintains equilibrium. Similarly, the
negative feedback self-regulates specific properties, say, the energy in themodified Thomas system. According to
Charles A. Coombes’s conclusion drawn in [13], a charged particle receives energy from the source of amagnetic
field if it is time-varying. Figure 10 shows that themagnetic field (the background field in black lines) is not
uniform. Thatmeans if a charged particlemoves in this field, the background changes w.r.t time as the particle
moves along the direction of the field.Hence, the particle can exchange energy depending on the field strength.
Here, we can also see that themagnetic flux (i.e. lines of force passing through a unit area) is higher in the central
region. Therefore, when a point chargemoves upward in the direction of the filed lines away from the centre, it
continuously loses energy and, gradually, falls into bigger radii of the inner helix until its z-component of
velocity becomes zero. This happens because as itmoves upward, it experiences that the backgroundmagnetic
field is decreasing due to the diverging field lines. As a result, the point chargewill gain less energy(or dissipate
more energy than the gain) from the source compared to the central region.Hence, the helicity increases until
the direction of the background field flips. Now, the particlemoves in the outermagnetic field in a downward
direction.However, unlike in the former case, field lines divergemost in themiddle in the outer region.Hence
we get themaximumhelicity for the particle in themiddle. Then as itmoves further below, it experiences an
increase infield strength due to a gradual increase in themagnetic flux. The particle will then gain energy from
the source andmoves into shorter radii gradually until the field flips again. Then it ends up in the inner helix
repeating the same behaviour.

For the conservative isotropic case, one can follow the above arguments to describe the observed dynamics.
the nature of the steady states and the feedback circuit kept in the vicinity of these steady states decide the nature
of trajectories. From an approximated version of the Jacobianmatrix given in equation (12)with b= 0, one can
figure out that there are two three-element feedback circuits(equation (18)).

Figure 10.Artistic Representation of the Attractor withMagnetic Field Lines. k̂ is a unit vector in the direction of the appliedmagnetic
field.
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For small values of c, the feedback circuit formed by the product ofmatrix entries (a12= 1− 3Y2+ c,
a23= 1− 3Y2+ c, a31= 1− 3Y2+ c), which can be positive or negative depending on the value of state
variables, dominates over the constant negative feedback circuit formed by the product of the othermatrix
entries (a13=− c, a21=− c, a32=− c). This generates chaotic dynamics for awide range offield strength
parameters c< 0.97[The negative three-element feedback circuitmentioned above cannot generate chaos. But it
can play a role in deciding the dynamic naturewhen the parameter of the system is changed].When c> 0.9 the
trajectories starts tomove back and forth between two steady states located at (0, 0, 0) and (π,π,π). The
eigenvalue calculation of the Jacobian shows that they are saddle-foci of type (+ /−− ) and (− /++),
respectively, for the former and latter steady states.Moreover, the three-element circuit is hampered and one can
visualize three negative two-element feedback circuits formed by the products ofmatrix elements
(a12= 1− 3Y2+ c, a21=− c), (a31=− c, a13= 1− 3X2+ c) and (a23= 1− 3Z2+ c, a32=− c) dominates at
high values of c and control the dynamics. These circuits form an unstable periodicity in theXY,XZ, andYZ
planes, respectively. The resultant of these periodic planarmotions is also an unstable periodicmotion in a plane
perpendicular to the direction of the appliedmagnetic field. It hence explains the origin of the quasi-periodic
attractor as before in themodified system in an isotropic externalmagnetic field.

4.Dynamics under dissipation (b≠ 0)

This section considers the effect of frictional damping on amodified Thomas oscillator introduced via a constant
damping function b. The idea of damping in the present context becomes prominent if we take an analogy of a
charged particlemoving a 3D lattice under the action of an energy source. Then the small value of bmeans that
the spacing between the lattice points is significantly large. As a result, the chance of inelastic collisionwith the
lattice points due to relativemotionwill be less frequent for a charged particle. This will give freedom to the
particle tomove around.On the other hand, for a high value of b, the 3D lattice will be densely packed, and as a
consequence, the inelastic collision of the charged particle with the lattice will be frequent. As a result, it will lose
energy and ultimately come to rest,making themotion impossible. This damping term is proportional to the
velocity. A non-zero value of bmakes the systemnon-conservative.

In earlier work, Lord Rayleigh[14] had shown that the velocity-dependent damping function leads to non-
linear oscillations. This Velocity-dependent damping function has two domains: negative friction and positive
friction. The latter kind of damping corresponds to energy dissipation, while the former corresponds to energy
supply. The negative friction generates limit-cycle oscillation for various natural oscillators, symbolising self-
sustained non-dissipative dynamics by balancing energy gain and dissipation. In addition, closed trajectories in
non-linear non-conservative systems are attractive because they imply periodicmotion.

However, Rayleigh-type oscillators were free oscillators as opposed to the present case, where there is a
constant energy source.With the damping parameter switchedON,we have onemore control parameter to
study the dynamics and bifurcation of themodified system. To understand the interplay between damping, the
oscillatory nature of the system, feedback circuits and the constant external Lorentz force, we consider only the
weak damping casewith b very small(b= 0.05) for there is significantmovement of the particle.

4.1. Unidirectionalmagneticfield
For this study,first of all, we consider the unidirectional appliedmagnetic field asmodelled by equation (8) for a
positive charge.We use a low value (0.05) for which the bifurcation diagrams and Lyapunov spectra are given
below infigure 11.

Forweak damping (b= 0.05), the oscillator dynamics is such that for higher values of the field strength
parameter, there is a limit cycle in the range c> 0.72. The Largest Lyapunov exponent is zero throughout this
range(blue).With c= 0.8, the systemundergoes a period-doubling cascade and becomes chaotic for a further
decrease in thefield strength parameter(c< 0.72). There aremany quasi-periodic windows in the range c= 0.13
to 0.72while a single quasi-periodic windowbetween c= 0.72–0.8. In the former periodic windows, there exists
a chaotic phenomenonwith afinite life span known as transient chaos[15]. Finally, in the range c= 0 to c= 0.13
there is well-established chaos. Figure 12 shows the chaotic attractor for b= 0.05 for a fixed value of thefield
strength parameter c= 0.53.
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4.2. Isotropicmagneticfield
Now, look at equation (9) for the isotropicmagnetic field applied to a charged Thomas systemwith a positive
charge. For theweak damping value, we have the following scenarios: oscillations prevail in the system for higher
values of parameter cwith damping b= 0.05. The system jumps to a period-doubling cascade towards chaos for
a c value around 0.35, where it undergoes aHopf bifurcation. There are complex quasi-periodic windows
confined to a small parameter range in the chaotic sea specified by c< 0.32. The largest Lyapunov exponent is

Figure 11.The figure shows the(a) bifurcation diagram and (b)Lyapunov spectrum forweak damping(b = 0.05) of a charged Thomas
oscillator with a unidirectionalmagneticfield.

Figure 12.The figure shows the projection of chaotic attractor for b = 0.05 of a charged Thomas oscillator with unidirectional
magnetic field strength c = 0.53.
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zero(blue) in the range c> 0.32 showing the existence of a limit cycle in this range and is confirmed by the
bifurcation diagram as shown infigure 13. The chaotic attractor for b= 0.05 and afixed value of thefield
strength parameter c= 0.069 is shown infigure 14.

The autocorrelation(ACF) function for theweak damping andweak field strength is studied and is shown in
figure 15 for the unidirectionalmagnetic field. It is defined as in equation (19)

Figure 13.The figure shows the(a) bifurcation diagram and (b)Lyapunov spectrum forweak damping(b = 0.05) of a charged Thomas
oscillator with an isotropicmagnetic field.

Figure 14.The figure shows the projections of the chaotic attractor for b = 0.05 of a charged ThomasOscillator with isotropic
magnetic field strength c = 0.069.
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where,  t( ) is some dynamical variable, and ¢ is the delay. Following [3]& [16], the autocorrelation function is
calculated for x t( ) rather than x(t) itself since themean of x ismore nearly zero.Here we observe a short-time
correlation and then amild fluctuation around zero, as shown in figure 15. The correlation length in timewill
increase with the increase in control parameters. After the finite correlation time, the system shows random
behaviour and can be connected to chaotic walks and diffusion phenomena. This randombehaviour is prevalent
in this deterministic system forweak damping and field strength.We foundmore or less the same result for the
isotropicmagnetic field for the choice of parameter values as specified in figure 15.

4.3. The effect of the feedback circuit & Lorentz forcing in the dissipative case
To explore the role of frictional damping, feedback, and external forcing for the unidirectionalmagnetic field
equation (11) is again replaced by its caricaturemodel without altering the qualitative nature of the dynamics.
The Jacobianmatrix is given by

»
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- -
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In thismatrix, all the diagonal entries are negative damping constants. At c= 0, and for b= 1 there is only one
stablefixed point.When the value of b decreases below 1, twenty-seven saddle foci of type (+ /−− ) and
(− /++) pop up in phase space which is verified from the eigenvalues structures at these steady states. The
trajectories can percolate these steady states depending on the nature of the three-element feedback.One can
explore the complex dynamics by decreasing the value of b. In the case, b= 0.05 and smoothly varying c, one can
study the complex dynamics of the charged Thomas oscillator.

If we look at the dynamics of themodified system forfixed b(= 0.05) and c= 0, there are fifteenfixed points
of the type (+ /−− ) and (− /++), and these are found to be unstable saddle foci from the eigenvalue
structure. The trajectories percolate these fixed points depending on the feedback circuit’s nature, andwe have
chaoticmotion.With a smooth increase in the values of c from zero, the size of the attractor in phase space
decreases alongwith the number offixed points. But the chaotic nature persists up to c≈ 0.72, where the three-
element single feedback circuit is the reason for chaoticity. It is also observed that there are only threefixed
points for a wide range of c. For c> 0.72, we have a limit cycle around an unstable spiral point confirmed by the
eigenvalues (λ1=− α1,λ2= α2+ iβ2,λ3= α2− iβ2). If the eigenvalues are calculated in the vicinity of this
steady state, the real part of the complex eigenvalues will be negative. This indicates that the stable periodic
oscillation for c> 0.72 emerges only for the non-linear effects in the system. This, in turn,means that for these
parameter values, the two-element feedback circuit dominates, and its stability is ensured by the negative
diagonal terms a11 and a22 of the Jacobianmatrix in (20). The negative diagonal term a33 shows that the limit
cycle is attractive along the z-direction. This will result in a slight tilt in the orientation of the limit cycle about the
z direction such that it is not ideally parallel to theXY planefigure 16.

The particle will lose energy due to in-elastic collisionwith the lattice points for the two casesmentioned
above(unidirectional and isotropic). As a result, its kinetic energywill be converted into heat energy. The change
in kinetic energy causes a rate of decrease in particle velocity, causing energy dissipation as electromagnetic

Figure 15.The figure shows the autocorrelation function for b = 0.001 of a charged ThomasOscillator with unidirectionalmagnetic
field strength c = 0.001.
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radiation. The change in the particle’s velocitymeans that the particle’s trajectory is not a perfect circle. Instead,
it is found to be a tilted path in the phase space. In otherwords, the plane of the limit cycle is not precisely parallel
to theXY plane. As a result,magnetic flux changes for a charged particlemoving on this limit cyclemaking the
effective backgroundmagnetic field unsteady or time-varying as depicted infigure 17. This causes an energy
exchangewith the applied field.When there is a slight decrease in themagnetic flux, the particle dissipates; when
there is an increase inmagnetic flux, it absorbs energy from the environment. However, in both cases, the
prominent dynamical feature is an emergent phenomenon in phase space, i.e. limit-cycle oscillations at high
values of c. So one can infer the particle is absorbing energy from the constant energy source to perform self-
sustained oscillations.

Figure 16.The limit cycle in phase space(red) and its projection to xy-plane(blue) for the dissipative casewith unidirectional applied
magnetic field (b = 0.05, c = 1.5).

Figure 17.Artistic Representation of the limit-cycle withMagnetic Field Lines under dissipation (b ≠ 0). k̂ is a unit vector in the
direction of the appliedmagnetic field, and n̂ is the normal unit vector to the area enclosed by the loop.

15

Phys. Scr. 97 (2022) 115207 VVijayan and PPratikDas



A similar procedure can be followed in the isotropic casewith damping tofigure out the dynamics and its
transition to a stable limit cycle. The origin of chaotic dynamics for the range c< 0.32 and the limit cycle for
c> 0.32 can be related to feedback circuits. Notably, the limit cycle corresponds to a stable periodic oscillation
due to non-linear effects in the caricature of equation (12). The limit cycle is located around an unstable spiral
point. This periodicity results from the combination of these periodicities in theXY,YZ, andXZ planes, as in
figure 18.

5. Results and discussions

The additional property, charge, given to the Thomas oscillator in the presence of aDCmagnetic field converts
the system from a chaotic oscillator with feedback to a self-excited oscillator[17]. Now the particle can absorb
and dissipate energy in its environment and can be called an active particle. Self-excited systems are
characterized by an external energy supply, an oscillating system, and a feedback and control system that regulate
the energyflow in and out of the system. This is indeed the case here for themodified Thomas oscillator.

In the case of conserved dynamics of the charged Thomas oscillator, the transport of charge fromone point
to another is such that it is trying to preserve the phase-space volume locally. The local curving of the trajectories
in the phase space is such that the stretching and folding of the trajectories keep the phase volume conserved.
Secondly, themotion of the charge is such that in the presence of an externalmagnetic field, the kinetic energy of
the charge is converted into internalmagnetic energy. Then this energy is liberated in the formof particle
acceleration and radiation. The third important point is that an externalmagnetic field tends to orient a current
loop such that thefield of the circuit points in the direction of the appliedmagnetic field. Finally, the topology of
the quasi-periodic attractor can be changed by choice of the initial condition, from a straight line to a torus for
the isotropic externalmagnetic field. The propertiesmentioned above are essential in understanding the cause of
events involved in plasma physics and astrophysics. Cosmicmagnetic structures such as terrestrialmagnetic
storms, solarflares and radio pulsar wind are a few examples where the dynamics of charged Thomas oscillators
can play a paramount role in understanding.

In this study, for the conservative dynamics of the charged Thomas particle in an externalmagnetic field, we
find that the particle is trappedwith quasi-periodic oscillations at highfield strength parameter values. The
externalmagnetic field confines a charged particle within a bounded space domain. In this situation, slowly
varying dynamical quantities exist, aka adiabatic invariants, which leads the systemdynamics very close to the
regularmotion.When the adiabatic invariants are destroyed, the dynamics become chaotic. So one can say that
there is particle confinement through amagnetic adiabatic trap. The adiabatic trap can prevent particle loss
along themagnetic field direction. Suchmagnetic traps are cornerstones ofmodern ultra-cold physics, reactor
physics, quantum information processing, quantumoptics, and quantummetrology.

Figure 18.The limit cycle in phase space(red) and its projections to xy-plane(blue), yz-plane(black) and xz-plane(green) for the
dissipative casewith isotropic appliedmagneticfield (b = 0.05, c = 1.5).
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Themodified Thomas system in the dissipative regime is an excellent candidate for understanding Brownian
motion’smicroscopic origin. Aswe saw, the particle interacts non-linearly with its surroundings and generates
local instability. This local instability is the reason for randomness whose origin is perfectly deterministic. This
leads to a diffusion process whose origin is chaos. The external drive suppresses the randomness in the system at
highfield strength values bringing order to the system. From a practical point of view, the properties of the
system are such that it willfind application in biophysics and themodelling of novelmaterials. They are effortless
to detect and navigate since they emit radiation, and their trajectories can be controlled by applying an external
DCmagnetic field. These particles can consume energy from the surroundings and performuseful work, like
directedmotion. In all these cases, control is achieved by regulating the feedbackmechanism. So themodified
Thomas systemwill be a good candidate for understanding the dynamics of suchmicro-particles.

6. Conclusion

This paper considers a charged Thomas oscillator, assuming it is placed in a constant externalmagnetic field.
The system ismodelled bymodifying the Thomas oscillator, and dynamics are studied by considering two
regimes of application; the conservative and dissipative for weak and strongmagnetic fields. In both cases, when
the system is in a chaotic regime, the appliedmagnetic field shifts the dynamics to a neighbouring level
(chaos⟶ quasi− periodicity⟶ limit-cycle). A non-invasive control over the complex behaviour of the
oscillator is achieved and could bring in a balance between energy gain and energy loss. The role played by self-
excitation in controlling frictional damping is unveiled in terms of feedback circuits and steady states. In all
cases, the interplay between dynamics, the external field, and the induced field leads to exciting properties. In the
conservative regime, the route to chaos is via non-linear resonance, and an adiabatic particle trapper is realized.
The transition from adiabaticmotion to chaos is through the destruction of adiabatic invariance. In the
dissipative regime, chaos can be controlled by applying the externalfield. The transition to chaos, in this case, is
via period-doubling cascades. In both cases, introducing the forcing termhas a newnegative feedback circuit
that forces the systemdynamics to stable periodic or quasi-periodic oscillations for a broad range of parameter
values. Finally, themodel highlights the important role of non-linear resonance and chaos in themicroscopic
origin of Brownianmotion. In the conservative case, non-linear resonance leads to non-integrability and chaos
for decreasing field strengths. In the dissipative case, the system shows sensitive dependence to initial conditions
for low damping and decreasing field strength. In both these cases, the particle interacts with the field and this
communication can be controlled by regulating the field strength parameter. The dynamics of the collection of
such particles with suitable coupling functionsmay lead to spatio-temporal pattern formation.
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